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Using the gauge-invariant but path-dependent variables formalism, we compute the static quan-
tum potential for noncommutative axionic electrodynamics, and find a radically different result than
the corresponding commutative case. We explicitly show that the static potential profile is anal-
ogous to that encountered in both non-Abelian axionic electrodynamics and in Yang-Mills theory
with spontaneous symmetry breaking of scale symmetry.
PACS numbers: 11.10.Ef, 11.15.-q
The coupling of axion-like particles (or ”axions”) with
photons in the presence of an external background elec-
tromagnetic field and its physical consequences such as
vacuum birefringence and vacuum dichroism have been
the object of intensive investigations by many authors
[1, 2, 3, 4, 5, 6, 7, 8, 9]. Moreover, as is well known,
this subject has received increasing attention after re-
cent results of the PVLAS collaboration [10], in which
dichroism [10] and birefringence [11] were observed for a
linearly polarized laser beam after it traverses an exter-
nal magnetic field. We recall that these effects can be
qualitatively understood by the existence of light pseu-
doscalars bosons φ (”axions”), with a coupling to two
photons. In this case, the corresponding term in the ef-
fective Lagrangian has the form LI = −1/4MFµν F˜
µνφ,
where F˜µν = 1/2εµνλρF
λρ. Certainly, if the PVLAS
results are confirmed by further experimental data, it
would signal new physics containing very light bosons
[12]. Meanwhile, alternatives models have been suggested
in order to circumvent the discrepancy among the re-
sults of the PVLAS experiment with both astrophysical
bounds and the results of the CAST collaboration [6, 13].
For example, in Ref. [13] the existence of a new light
vector field ( rather than an axion field) was considered,
which interacts with the photon via Chern-Simons-like
terms. Another possible scenario is the existence of mil-
licharged particles [14]. In addition, the study of space-
time non-commutativity on light propagation in a back-
ground electromagnetic field has also attracted interest
in order to account the results reported by PVLAS col-
laboration [15, 16]. In particular, the non-commutative
axionic electrodynamics version has been considered [16]
within the framework of the Lorentz violating extension
of QED [17].
On the other hand, axionic electrodynamics experi-
ences mass generation due to the breaking of rotational
invariance induced by a classical background configura-
tion of the gauge field strength [18], and leads to confining
potentials in the presence of nontrivial constant expecta-
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tion values for the gauge field strength Fµν [19]. In fact,
in the case of a constant electric field strength expecta-
tion value the static potential remains Coulombic, while
in the case of a constant magnetic field strength expec-
tation value the potential energy is the sum of a Yukawa
and a linear potential, leading to the confinement of static
charges. In passing we note that the distinction between
the apparently related phenomena of screening and con-
finement is of considerable importance in our present un-
derstanding of gauge theories. We also mention that the
magnetic character of the field strength expectation value
needed to obtain confinement is in agreement with the
current chromo-magnetic picture of the QCD vacuum
[20]. Interestingly, similar results have been obtained in
the context of the dual Ginzburg-Landau theory [21], as
well as for a theory of antisymmetric tensor fields that
results from the condensation of topological defects as
a consequence of the Julia-Toulouse mechanism [22]. It
must be clear from this discussion that the interaction
potential between static charges is an object of utmost
importance, which has a variety of applications. For in-
stance, it provides a useful framework for studying as-
pects of duality in Maxwell-like three-dimensional models
induced by the condensation of topological defects driven
by quantum fluctuations [23]. Also, it has proven to
be a key tool to analyze the equivalence/nonequivalence
between the θ-expanded version of the noncommutative
U(1) gauge theory and the Born-Infeld action up to order
F 3 [24].
Inspired by these observations, the purpose of this note
is to further elaborate on the physical content of non-
commutative axionic electrodynamics [16]. We exam-
ine another aspect of this theory, namely, the effect of
the space-time noncommutativity on a physical observ-
able. To do this, we will work out the static potential
for the theory under consideration by using the gauge-
invariant but path-dependent variables formalism, which
is alternative to the Wilson loop approach. Our treat-
ment is fully non-perturbative for the pseudoscalar field.
As a result, we obtain a Cornell-like potential which dis-
plays a marked departure of a qualitative nature from
the results of the commutative case [19] at large dis-
tances, and which clearly shows the key role played by
the noncommutative space in transforming the Yukawa
2potential into the Coulombic one. Incidentally, the above
static potential profile is analogous to that encountered
in both non-Abelian axionic electrodynamics [25] and in
Yang-Mills theory with spontaneous symmetry breaking
of scale symmetry [26]. In this way we establish a new
connection between noncommutative and non-Abelian ef-
fective theories. The above connections are of interest
from the point of view of providing unifications among
diverse models as well as exploiting the equivalence in
explicit calculations, as we are going to show. Moreover,
our work could be of interest for searching for small vi-
olations of the Lorentz symmetry along the lines of Ref.
[27].
We now examine the interaction energy between static
point-like sources for noncommutative axionic electrody-
namics. To do this, we will compute the expectation
value of the energy operator H in the physical state |Φ〉
describing the sources, which we will denote by 〈H〉Φ.
However, before going to the derivation of the interac-
tion energy, we will describe very briefly the model un-
der consideration. The initial point of our analysis is the
Lagrangian density:
L = LLV−QED + LAxion, (1)
where LLV−QED = −
1
4FµνF
µν − 14 (kF )µνρσ F
µνF ρσ +
1
2 (kAF )
µ
εµνρσA
νF ρσ represents the Lorentz-violating
extension of QED [17], and LAxion =
1
2 (∂φ)
2
− m
2
2 φ
2 +
φ
8M εµνρσF
µνF ρσ describes the coupling of a pseudoscalar
φ to electromagnetism. Next, the corresponding noncom-
mutative version of (1) is induced by the Moyal product
f ∗ g = f exp
(
i
2
←−
∂ µθ
µν−→∂ ν
)
g, where θµν is a real con-
stant antisymmetric tensor. As a consequence, the field
strength F̂µν in a noncommutative space-time is given by
F̂µν = ∂µÂν−∂νÂµ−ig
[
Âµ, Âν
]
and the bracket denotes
a Moyal commutator. This then implies that the theory
is invariant under a non conventional gauge transforma-
tion δÂµ = ∂µλ̂ − ig
[
Âµ, λ̂
]
. Now we can exploit the
Seiberg-Witten map Âµ = Aµ −
1
2θ
αβAα (∂βAµ + Fβµ),
to get a gauge field Aµ with the ordinary gauge transfor-
mation and a Lagrangian density written in terms of the
conventional field strength. Accordingly, after splitting
Fµν in the sum of a classical background 〈Fµν〉 and a
small fluctuation fµν = ∂µAν − ∂νAµ, the corresponding
Lagrangian density to leading order in θ ( with θ0i = 0
and (kAF )
µ
= 0) is given by [16]:
L = −
1
4
(
1−
g
2
θij 〈Fij〉
)
fµνfµν +
g
4
θijfij 〈Fkl〉 f
kl
−
g
2
θij 〈Fkl〉 f
kif lj − gθij
〈
F ki
〉
fµkf
jµ +
1
2
(∂φ)
2
−
m2
2
φ2 +
1
4M
ερσµν 〈Fρσ〉 fµνφ. (2)
Throughout, M and g are the photon-axion and
U(1) gauge coupling respectively. To get the last
equation we used (kF )µνρσ =
1
8
(
T[µν][ρσ] + µν ↔ ρσ
)
,
where Tµνρσ ≡ −
1
2gθ
αβ 〈Fαβ〉 ηµρηνσ − gθµν 〈Fρσ〉 +
4gθαν
〈
Fαρ
〉
+ 2gθνσ 〈F 〉µρ, and T[µν] ≡ Tµν − Tνµ. Here
(µ, ν, ρ, σ = 0, 1, 2, 3) and (i, j, l, k = 1, 2, 3).
Following our earlier procedure [19], integrating out
the φ field induces an effective theory for the Aµ field.
Once this is done, we arrive at the following effective
Lagrangian density:
L = −
1
4
(
1−
g
2
θij 〈Fij〉
)
fµνfµν +
g
4
θijfij 〈Fkl〉 f
kl
−
g
2
θij 〈Fkl〉 f
kif lj − gθij
〈
F ki
〉
fµkf
jµ
+
1
32M2
vµνfµν
1
∆ +m2
vγδfγδ. (3)
Here we have simplified our notation by setting
εµναβ 〈Fµν〉 ≡ v
αβ and ερσγδ 〈Fρσ〉 ≡ v
γδ. One immedi-
ately sees that this expression has a remarkable similarity
to the corresponding commutative effective Lagrangian
density. This common feature is our main motivation for
studying the role of the noncommutative space on the
interaction energy. With this in view, we now proceed
to calculate the interaction energy in the v0i 6= 0 and
vij = 0 case (referred to as the magnetic one in what
follows). Using this in (3) we then obtain
L = −
1
4
(
1−
g
2
θij 〈Fij〉
)
fµνfµν +
g
4
θijfij 〈Fkl〉 f
kl
−
g
2
θij 〈Fkl〉 f
kif lj − gθij
〈
F ki
〉
fµkf
jµ
+
1
16M2
v0if0i
1
∆+m2
v0kf0k. (4)
We observe that the limit θ → 0 is well defined, and
leads to the corresponding commutative Lagrangian den-
sity. To obtain the corresponding Hamiltonian, we
must carry out the quantization of this theory. The
Hamiltonian analysis starts with the computation of
the canonical momenta Πµ = −
(
1− g2θ
ij 〈Fij〉
)
f0µ −
gθij
〈
Fµi
〉
f j0 + gθiµ
〈
F ki
〉
f0k + 116M2 v
0µ 1
∆+m2 v
oif0i,
which produces the usual primary constraint Π0 = 0 and
Πi =
(
1− g2θ
ij 〈Fij〉
)
fi0 − g [θkj 〈Fkj〉+ θki 〈Fjk〉] fj0 +
1
16M2 vi0
1
∆+m2 vj0fj0. The canonical Hamiltonian to lead-
ing order in θ and 1
M2
is then
HC =
∫
d3x
{
−A0
(
∂iΠ
i
)
+
[1 + g (θ · B)]Π2
2
}
+
∫
d3x
{
(θ · B)
2
B2 −
g (θ ·B)
2
B ·B
}
+
∫
d3x
{
gθij
[
〈Fkl〉
2
fki −
〈
F ki
〉
flk
]
f lj
}
+
∫
d3x
g (B)
2
(θ · B)
32M2
Πi
(
∆+m2
)−1
Πi
−
∫
d3x
(B)
2
[1 + 5g (θ · B)]
32M2
Πi
(
∆+M2
)−1
Πi,
(5)
3where M2 ≡ m2 + v
2
16M2 = m
2 + B
2
4M2 . Here B and
B represent the magnetic field and external magnetic
field, respectively. Requiring the primary constraint
Π0 = 0 to be preserved in time yields the secondary
constraint Γ1 (x) ≡ ∂iΠ
i = 0. But the time stabil-
ity of the secondary constraint does not induce fur-
ther constraints. Therefore, the extended Hamiltonian
that generates translations in time then reads H =
HC +
∫
d3x (c0 (x)Π0 (x) + c1 (x) Γ1 (x)), where c0 (x)
and c1 (x) are the Lagrange multiplier fields. Moreover,
it is straightforward to see that A˙0 (x) = [A0 (x) , H] =
c0 (x), which is an arbitrary function. Since Π
0 = 0 al-
ways, neither A0 nor Π0 are of interest in describing the
system and may be discarded from the theory. Thus the
Hamiltonian is now given as
HC =
∫
d3x
{
c(x)
(
∂iΠ
i
)
+
[1 + g (θ · B)]Π2
2
}
+
∫
d3x
{
(θ · B)
2
B2 −
g (θ ·B)
2
B ·B
}
+
∫
d3x
{
gθij
[
〈Fkl〉
2
fki −
〈
F ki
〉
flk
]
f lj
}
+
∫
d3x
g (B)
2
(θ · B)
32M2
Πi
(
∆+m2
)−1
Πi
−
∫
d3x
(B)
2
[1 + 5g (θ · B)]
32M2
Πi
(
∆+M2
)−1
Πi,
(6)
where c(x) = c1(x)−A0(x).
In accordance with the Dirac method, we must fix the
gauge. A particularly convenient gauge fixing condition
is
Γ2 (x) ≡
∫
Cξx
dzνAν (z) ≡
1∫
0
dλxiAi (λx) = 0, (7)
where λ (0 ≤ λ ≤ 1) is the parameter describing the
spacelike straight path xi = ξi + λ (x− ξ)i, and ξ is a
fixed point (reference point). There is no essential loss of
generality if we restrict our considerations to ξi = 0. The
choice (7) leads to the Poincare´ gauge [28, 29]. Through
this procedure, we arrive at the only nonvanishing equal-
time Dirac bracket for the canonical variables{
Ai (x) ,Π
j (y)
}∗
= δji δ
(3) (x− y)
− ∂xi
1∫
0
dλxjδ(3) (λx− y) . (8)
After achieving the quantization we may now proceed
to calculate the interaction energy in the model under
consideration. As mentioned above, we will work out
the expectation value of the energy operator H in the
physical state |Φ〉. Now we recall that the physical states
|Φ〉 are gauge-invariant [30]. In that case we consider the
stringy gauge-invariant state
|Φ〉 ≡
∣∣Ψ(y) Ψ (y′)〉
= ψ (y) exp
iq y∫
y′
dziAi (z)
ψ (y′) |0〉 , (9)
where |0〉 is the physical vacuum state and the line inte-
gral appearing in the above expression is along a space-
like path starting at y′ and ending at y, on a fixed
time slice. The charged matter field together with the
electromagnetic cloud (dressing) which surrounds it, is
given by Ψ (y) = exp
(
−iq
∫
Cξy
dzµAµ(z)
)
ψ(y). Thanks
to our path choice, this physical fermion then becomes
Ψ (y) = exp
(
−iq
∫ y
0
dziAi(z)
)
ψ(y). In other terms,
each of the states (|Φ〉) represents a fermion-antifermion
pair surrounded by a cloud of gauge fields to maintain
gauge invariance.
From the foregoing Hamiltonian structure we then eas-
ily verify that
Πi (x)
∣∣Ψ(y)Ψ (y′)〉 = Ψ(y)Ψ (y′)Πi (x) |0〉
+ q
∫ y′
y
dziδ
(3) (z− x) |Φ〉 .(10)
Having made this observation and since the fermions are
taken to be infinitely massive (static) we can substitute
∆ by −∇2 in Eq. (6). In such a case 〈H〉Φ reduces to
〈H〉Φ = 〈H〉0 + 〈H〉
(1)
Φ + 〈H〉
(2)
Φ + 〈H〉
(3)
Φ , (11)
where 〈H〉0 = 〈0|H |0〉, and the 〈H〉
(1)
Φ , 〈H〉
(2)
Φ and
〈H〉
(3)
Φ terms are given by
〈H〉
(1)
Φ = α 〈Φ|
∫
d3xΠiΠi |Φ〉 , (12)
〈H〉
(2)
Φ = β 〈Φ|
∫
d3xΠi(∇2 −m2)−1Πi |Φ〉 , (13)
〈H〉
(3)
Φ = γ 〈Φ|
∫
d3xΠi(∇2 −M2)−1Πi |Φ〉 , (14)
with α ≡ [1+g(θ·B)]2 , β ≡
g(B)2(θ·B)
32M2 and γ ≡
(B)2[1+5g(θ·B)]
32M2 . Using Eq.(10), the 〈H〉
(1)
Φ , 〈H〉
(2)
Φ and
〈H〉
(3)
Φ terms can be rewritten as
〈H〉
(1)
Φ = q
2α
∫
d3x
(∫ y
y′
δ(3) (x− z)
)2
, (15)
〈H〉
(2)
Φ = q
2β
∫ y
y′
dz′i
∫ y
y′
dzi
e−m|z
′−z|
4pi |z′ − z|
, (16)
4〈H〉
(3)
Φ = q
2β
∫ y
y′
dz′i
∫ y
y′
dzi
e−M|z
′−z|
4pi |z′ − z|
. (17)
Following our earlier procedure [19, 25], we see that the
potential for two opposite charges located at y and y′
takes the form
V = −
q2 [1 + g (θ · B)]
4pi
1
L
+
q2 (B)
2
256piM2
σL, (18)
where
σ ≡ g (θ · B) ln
(
1 +
Λ2
m2
)
+[1 + 5g (θ · B)] ln
(
1 +
Λ
2
M2
)
,
(19)
while Λ and Λ are a cuttoff and |y−y′| ≡ L. As already
observed, the consistent limit θ → 0 has to be taken in
Eq. (4) in order to recover the commutative result.
In summary, we have considered the confinement ver-
sus screening issue for noncommutative axionic electro-
dynamics, in the case when there is an external magnetic
field. Interestingly, we have obtained a Cornell-like po-
tential profile. As already expressed, similar forms of
interaction potentials have been reported before in the
context of non-Abelian axionic electrodynamics [25] and
in Yang-Mills theory with spontaneous symmetry break-
ing of scale symmetry [26]. In this way we have provided
a new connection among diverse effective models. The
above analysis reveals the key role played by the non-
commutative space in transforming the Yukawa potential
into the Coulombic one. Also, a common feature of these
models is that the rotational symmetry is restored in the
resulting interaction energy.
Let us also mention here that the static potential pro-
file of these models is similar to that encountered in a
U(1) gauge theory that includes the contribution of all
topologically nontrivial sectors of the theory [31]. In this
sense these models may be considered as a physical re-
alization of the topological nontrivial sectors studied in
Ref. [31]. We conclude by noting that further investiga-
tion of the relation between our result and that encoun-
tered in Yang-Mills theory with spontaneous symmetry
breaking of scale symmetry has to be performed, if our
analysis represents an effective approach to non-Abelian
gauge theories and especially quark confinement.
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